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Figure 1: Given an input surface reflectance (a) with anisotropic BRDFs and per-point shading frame variations, our system prints a bi-
scale material (b) to reproduce the input surface reflectance. The bi-scale material consists of a small scale height field covered with isotropic
BRDFs as shown in (c).

Abstract

Surfaces in the real world exhibit complex appearance due to spa-
tial variations in both their reflectance and local shading frames (i.e.
the local coordinate system defined by the normal and tangent di-
rection). For opaque surfaces, existing fabrication solutions can
reproduce well only the spatial variations of isotropic reflectance.
In this paper, we present a system for fabricating surfaces with de-
sired spatially-varying reflectance, including anisotropic ones, and
local shading frames. We approximate each input reflectance, ro-
tated by its local frame, as a small patch of oriented facets coated
with isotropic glossy inks. By assigning different ink combinations
to facets with different orientations, this bi-scale material can repro-
duce a wider variety of reflectance than the printer gamut, includ-
ing anisotropic materials. By orienting the facets appropriately, we
control the local shading frame. We propose an algorithm to auto-
matically determine the optimal facets orientations and ink combi-
nations that best approximate a given input appearance, while obey-
ing manufacturing constraints on both geometry and ink gamut. We
fabricate the resulting surface with commercially available hard-
ware, a 3D printer to fabricate the facets and a flatbed UV printer
to coat them with inks. We validate our method by fabricating a
variety of isotropic and anisotropic materials with rich variations in
normals and tangents.

CR Categories: I.3.7 [Computer Graphics]: Three-Dimensional
Graphics and Realism—Color, shading, shadowing, and texture;

Keywords: fabrication, bi-scale, SVBRDF, local frame, normal
map

Links: DL PDF

1 Introduction

Fabricating Surface Appearance. Real-world surfaces have
rich and detailed appearance that comes from the interaction of ge-
ometric details and spatially-varying reflectance. Most research ef-
forts have focused on how to capture, model and render complex
appearance to improve synthetic imagery [Dorsey et al. 2008]. Re-
cent advances in computer-controlled rapid prototyping hardware,
today capable of printing complex shapes, are motivating investi-
gations on how to physically reproduce the appearance of object
surfaces, either scanned or designed. In this paper we focus on
opaque surfaces that exhibit spatially-varying changes to both the
local shading frames, namely normals and tangents, and to the re-
flectance, described in this case by the bidirectional reflectance dis-
tribution function (BRDF).

Several methods have been proposed for fabricating custom sur-
face reflectance. Weyrich et al. [2009] reproduce the micro-
scale geometry of a BRDF with a tilable continuous height field
and manufacture the result using a milling machine. Matusik et
al. [2009] present a solution for printing isotropic spatially-varying
reflectance over a flat surface by mixing isotropic inks. Although
in principle these solutions can be extended to print a wide range
of BRDFs, the high resolution geometry or large ink set needed for
modeling each BRDF makes these solutions infeasible for printing
geometric surface details and anisotropic reflectance variations in
practice.

Bi-Scale Appearance Fabrication. In this paper, we present
a method for fabricating a surface with spatially-varying opaque
reflectance and shading frames, described by a spatially-varying
BRDF (SVBRDF) with per-point normal and tangent directions.
Our method is based on the key observation that each single BRDF
can be efficiently modeled as the average appearance of a compact
small-scale patch composed of oriented facets, each covered with
a homogeneous BRDF chosen from a fixed set. By assigning dif-
ferent BRDFs to facets with different orientations, this bi-scale ma-
terial is capable of reproducing a much wider variety of surface
reflectance than is captured by the printer gamut alone, including
anisotropic BRDFs. By orienting the facets appropriately, we can
also control the local shading frame at that surface location. We
reproduce the input surface reflectance with spatially-varying bi-
scale material fabricated as a small-scale axis-aligned height field
whose facets are covered by the isotropic BRDFs of glossy printer
inks. Given the manufacturing constraints, namely the maximum
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height field resolution and the BRDF gamut of the printer ink set,
we present an algorithm to compute the height field and facet ink
combinations of the bi-scale material that best approximate the in-
put appearance, both in terms of reflectance and shading frames.
We fabricate the height field with a 3D printer and subsequently
print the glossy BRDFs over each facet with a flatbed UV printer.
Figure 1 shows a surface with anisotropic SVBRDFs manufactured
with our system.

We compute the optimal height field and ink combinations by solv-
ing an optimization problem that minimizes the difference between
the input reflectance and the reflectance of the fabricated bi-scale
material. The optimization is non-linear since the reflectance of
the bi-scale material is non-linearly related to the parameters we
want to estimate. Solving this optimization presents two main chal-
lenges. First, the optimization has a strong non-linear nature and we
need to estimate a large number of parameters, namely all possible
combinations of facet orientations and BRDFs. Second, due to the
shadowing and masking effects of the height field, the reflectance of
the bi-scale material of one patch also depends on the neighboring
patches. Thus the parameters of all patches need to be optimized
together. We solve this optimization problem in three steps, each
of which provides a good initialization for the one following. We
first treat the BRDFs and shading frames independently and fit the
input BRDFs, aligned to a global frame, and then compute the op-
timal height field and ink BRDFs for the patch at each location. We
then rotate each bi-scale patch back to its shading frame and itera-
tively optimize both height field and ink combinations in the rotated
frame. After these two steps, we obtain the optimal bi-scale patch
for each individual pixel. We finally tile all samples together and
perform a global optimization to account for inter-patch effects and
to generate a continuous height field.

We validate our solution by printing surfaces with both captured
and designed appearance. Our results show that our method can
reproduce well detailed surface appearance from spatially-varying
reflectance, both isotropic and anisotropic, and local shading frame
variations. The main contributions of our work are (a) a bi-
scale material representation for reproducing surface appearance
with anisotropic and shading frame variations, (b) an optimization
method for computing the height field and ink combinations from
the input surface reflectance and (c) a hardware solution for printing
the bi-scale material.

2 Related Work

Appearance Fabrication Various methods have been developed
for fabricating materials with custom surface reflectance [Weyrich
et al. 2009; Matusik et al. 2009], subsurface scattering [Hašan et al.
2010; Dong et al. 2010], and reflectance functions [Malzbender
et al. 2012].

Weyrich et al. [2009] model the micro-structure of a BRDF directly
with a continuous height field and fabricate the surface via a milling
machine. Since a high resolution height field is always required for
simulating the appearance of a single BRDF, this method is im-
practical for fabricating spatially-varying surface reflectance. Also
the shadowing and masking effects of the height field are ignored
and this decreases the fidelity of the printed object. Matusik et al.
[2009] approximate the target SVBRDFs by combining inks with
known BRDFs. Although this works well for isotropic BRDFs, it
cannot reproduce the appearance of anisotropic BRDFs or BRDFs
with different normal or tangent directions. Hullin et al. [2011]
present a method for displaying dynamic BRDFs with liquid sur-
faces, which is impractical to combine with other 3D printing tech-
nologies. These methods reproduce SVBRDFs at a single scale.
Our approach differs from them in that we model the surface re-

flectance with a bi-scale solution by combining the appearance of
a small scale height field and its isotropic BRDFs. Our method
trades off spatial resolution to model reflectance with different an-
gular variations. Furthermore, our method takes the shadowing and
masking effects of the height field into consideration and thus can
better predict the resulting appearance.

Recently, Malzbender et al. [2012] presented a method for printing
the 4D reflectance function of a surface for a fixed viewing direc-
tion. For each input pixel, its appearance variation under different
lighting directions is reproduced by coated reflective dimples. Al-
though this method can reproduce arbitrary appearance variations
under different lighting directions, it cannot be extended to the case
of 6D SVBRDFs.

Fabrication for Image Display Other methods fabricate geo-
metric shapes and materials for displaying custom image contents.
Alexa and Matusik [2010] construct diffuse relief surfaces for dis-
playing one or two given images under different directional light-
ing. Bermano et al. [2012] exploit the self-shadowing of a relief sur-
face lit from certain directions to display several prescribed images.
Papas et al. [2012] constructed refractive lens arrays to reveal hid-
den images from an unstructured image underneath the lens. These
methods can only display a discrete set of images and cannot be ex-
tended to exhibit continuous appearance variations under different
lighting and viewing directions. Holroyd et al. [2011] converted a
3D model into a fabricated multilayer model that can display the
3D shape of an object under a wide range of viewing directions.
Regg et al. [2010] fabricated the surface with designed grooves so
that its highlights under a given lighting direction display 3D shape
and motion parallax under different viewing directions. In these
methods, the appearance of the displayed object surface is diffuse.
Recently, Dong et al. [2012] printed custom SVBRDFs for display-
ing the appearance of HDR images at different exposures. To print
custom surface reflectance, their method shares the same limitations
of [Matusik et al. 2009].

Physically-based Material Modeling Early methods [Westin
et al. 1992; Gondek et al. 1994] directly compute surface re-
flectance from given small scale geometric structures via offline
rendering. Ashkhmin [2000] developed a method to model the
BRDF from a given microfacet distribution. Heidrich et al. [2000]
simulated the BRDF of a height field with precomputed visibility.
Wu et al. [2009] presented a scheme to quickly render the aver-
age appearance of small scale geometry and its BRDFs. Later
they presented a technique for interactively editing the geometry
and BRDF of a physically based bi-scale material [Wu et al. 2011].
They also realized their designs with diffuse BRDFs and manually
folded geometry. Zhao et al. [2011] modeled cloth appearance with
small scale geometry captured by micro CT imaging and then de-
signed the new cloth appearance by geometry structure synthesis
[Zhao et al. 2012]. Most recently, Iwasaki et al. [2012] presented
a technique for rendering and editing bi-scale materials under all
frequency lighting in real time. All these methods assume the ge-
ometry and BRDFs are known.

Our method is inspired by these physically based material mod-
eling works but targets a different goal. Instead of computing the
averaged surface reflectance from a known geometric structure with
material properties manually designed by users, our method auto-
matically derives a geometry structure and its material properties
from an averaged surface reflectance.
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(a) Height field with different BRDFs

(c) 2D illustration of BFVF
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Figure 2: Bi-scale material. (a) Our bi-scale material is repre-
sented by a small scale axis-aligned height field whose facets are
covered by a homogeneous BRDF of glossy printer inks. (b) A small
square patch Hx of bi-scale material for modeling input surface re-
flectance at a single point. (c) 2D illustration of the BFVF of facets
and the terms used in computing the effective BRDF of a bi-scale
material.

3 Bi-scale Representation

Input Surface Reflectance The input to our system is a
spatially-varying BRDF ρi(x,ω ′i ,ω

′
o) and the local shading frames

determined by the normal nx and tangent tx at each location x (we
use primed angles to indicate values in the local frames). We de-
note the BRDF rotated by the local frame as ρ(nx, tx,x,ωi,ωo).
In this notation, incoming and outgoing angles are defined in the
global frame and are rotated by the local frame before evaluating
the BRDF ρi. Given the input surface appearance, the reflected ra-
diance L at x along a view direction ωo can be computed by

L(x,ωo) =
∫

Ωx

ρ(nx, tx,x,ωi,ωo)Li(x,ωi)(nx ·ωi)dωi, (1)

where Ωx is the upper hemisphere, Li is the incident radiance, and
(·) is the dot product of two vectors clamped to zero if negative. We
assume that the input surface reflectance is sampled on an Nx×Ny
regular grid on the XY plane.

Output Bi-scale Material We reproduce the appearance of the in-
put reflectance by manufacturing a surface H = (h,ρh) as a height
field h coated by a spatially-varying BRDF ρh. The appearance
of the fabricated surface, shown in Figure 2.a, comes from the bi-
scale interaction between the facet orientations and the ink BRDFs.
We represent the height field as an axis aligned triangle mesh. For
each triangle, the whole facet is coated with the same ink combi-
nation and thus has the same BRDF, while different triangles can
be printed with different ink combinations. In our system, the input
surface reflectance ρ at each point x is approximated by the effec-
tive BRDF ρ̄ of a small square patch Hx of bi-scale material H. The
effective BRDF ρ̄ is the spatial average of the surface reflectance of
the facets in Hx that are visible along both ωi and ωo (Figure 2.b):

ρ̄(Hx,ωi,ωo) =
∑ f∈Hx ρ f (n f ,ωi,ωo)γ f (ωi,ωo)(n f ·ωi)(n f ·ωo)

A(Hx,ωo)
,

(2)
where f is a facet of Hx with normal n f and rotated BRDF
ρ f (n f ,ωi,ωo), A(Hx,ωo) is the visible projected area of all facets
in Hx along ωo, and γ f (ωi,ωo) is the Bidirectional Facet Visibility
Function (BFVF) that represents the visible area of f along both ωi

and ωo. Since the ink BRDFs are isotropic we simplify the above
equation by dropping the tangent from the rotated BRDF ρ f . We
can write the projected visible area and BFVF as

A(Hx,ωo) = ∑
f

∫
p∈A( f )

V (p,ωo)(n f ·ωo)dp (3)

γ f (ωi,ωo) =
∫

A( f )
V (p,ωo)V (p,ωi)dp (4)

where A( f ) is the area of f and V (p,ωo) is a visibility function that
is 1 if the facet point p is visible along ωo and 0 otherwise. Please
refer to the appendix for a detailed derivation of the effective BRDF
of a bi-scale material.

From the previous equation we observe that the effective BRDF
ρ̄(Hx,ωi,ωo) of a bi-scale material patch Hx is determined by the
normals n f , the isotropic BRDFs ρ f and BFVFs γ f of all facets f
of Hx. The facet normal can be computed from the heights of the
facet’s three vertices, while the BFVF of a facet is determined by
the shape of the surrounding height field. Given the effective BRDF
ρ̄ of Hx, we can compute the reflected radiance of the patch as

L̄(Hx,ωo) =
∫

Ω

ρ̄(Hx,ωi,ωo)Li(ωi)dωi. (5)

Here the cosine factor of ωi is embedded in the effective BRDF.
In our system we fabricate the patches Hx such that the reflected
radiance of each patch approximates the reflected radiance of the
input appearance, i.e. L̄(Hx,ωo) ≈ L(x,ωo) for all x. We assume
that the height field of the resulting bi-scale material is also defined
on the XY plane. The bi-scale patch Hx at each input location x
contains N f = 2Nh

2 facets defined by (Nh + 1)2 height samples,
where Nh is the patch resolution. This results in a full height field
of Nx · (Nh +1)×Ny · (Nh +1) resolution. In our current implemen-
tation, we use a patch resolution of Nh = 5 resulting in 50 facets for
each patch.

BRDFs of ink combinations We model the BRDF ρc of each
valid ink combination c as non-negative linear combination of
Nm isotropic basis BRDFs {ρ̂1 · · · ρ̂Nm} and their weights Wc =
{w1 · · ·wNm ,wi ≥ 0.0}, which is represented by ρc = ∑wi∈Wc

wiρ̂i.
In this representation, we constrain the sum of weights to be less
than 1.0, ∑wi∈Wc

wi ≤ 1.0. Therefore, the BRDF of each facet with
ink combination c f can be written as

ρ f (n f ,ωi,ωo) = ∑
wi∈Wc f

wiρ̂i(n f ,ωi,ωo), (6)

where ρ̂i(n f ,ωi,ωo) is the ink basis BRDFs rotated with normal
n f , and Wc f is the BRDF weights of ink combination c f . We use
this facet BRDF representation in our optimization.

To model the BRDF gamut of ink combinations, we first capture the
BRDFs of all ink combinations as in [Dong et al. 2012] and then
compute the BRDF basis and their linear weights for each BRDF in
the gamut using the method in [Lawrence et al. 2006]. After that,
we build a lookup table for all ink combinations and the weight
of its BRDFs. Given the linear weights of basis BRDFs solved for
each facet, we search the look-up table and find the printing weights
that are closest to the desired weights and use the corresponding ink
combination for printing. In our implementation, the basis BRDFs
are represented by the isotropic Cook-Torrance model and we set
Nm = 6, which faithfully represents the BRDFs of all ink combina-
tions. The implementation details on the first capturing step for the
BRDFs of all ink combinations are discussed in Section 5.
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Input surface reflectance (a) BRDF mapping (b) Shading frame mapping (c) Whole surface mapping

Figure 3: The three steps of bi-scale mapping. (a) BRDF mapping. Starting from an input surface reflectance with per-point normal and
tangent directions, our method first computes a bi-scale material patch that best matches the unrotated input BRDF at each individual point.
(b) Shading frame mapping. A bi-scale material patch that best matches the input BRDF rotated with its shading frame is computed for each
point. (c) Whole surface mapping. We tile the bi-scale material patches of all input samples together and optimize whole bi-scale material to
generate the final result. The input BRDF is illustrated by a 2D slice sampled with the top view and all lighting directions.

4 Bi-scale Mapping
Taking into account the manufacturing constraints, namely the
patch resolution Nh and the BRDFs of the printable ink combi-
nations, we determine the height field h and the facets’ BRDF
weights by minimizing the difference E between the input sur-
face reflectance ρ(nx, tx,x,ωi,ωo) and the effective reflectance
ρ̄(Hx,ωi,ωo) of the resulting bi-scale material. We define this dif-
ference as

E =
∫

x

∫
Ω×Ω

d(ρ(nx, tx,x,ωi,ωo), ρ̄(Hx,ωi,ωo))dωidωodx (7)

where Ω×Ω is the bidirectional domain of ωi and ωo and d is the
distance between two BRDFs that we compute as in [Ngan et al.
2005]. Note that the cosine factor for the effective BRDFs has been
embedded in it. We call this optimization process bi-scale mapping.

This optimization problem is particularly challenging for two rea-
sons. First, the effective BRDF is non-linearly related to the pa-
rameters we want to estimate. A good initialization is important for
this non-linear optimization. However, finding a good initial height
field remains difficult, especially in the case of rotated BRDFs. Sec-
ond, since the effective BRDF at a location depends on the neigh-
boring patches, the parameters of all patches need to be optimized
together. As a result, the number of the estimated parameters is
large. There are Nx ×Ny × (Nh + 1)2 unknowns for normals and
Nx×Ny×N f ×Nm unknowns for facet BRDFs, resulting in over
3 ·106 parameters for a simple 100×100 input. These observations
suggest that our optimization problem cannot be handled directly
with standard non-linear optimization methods.

To address the underlying computational complexity, we solve the
problem in three steps, as shown in Figure 3. At each step, we
simplify the problem by solving for a smaller number of parame-
ters while fixing the others. The solution of each step is used as
the initialization of the next step providing a good initial solution
that leads to fast convergence of the non-linear solver. We begin
by ignoring the local shading frames and compute a bi-scale ma-
terial that best matches the unrotated BRDFs. We then take the
shading frames into consideration and compute the bi-scale mate-
rial that best matches the rotated BRDFs, starting by rotating the
patches obtained in the previous step. In the first two steps, we op-
timize each patch independently, effectively solving a large number
of small non-linear optimizations, rather than a large one. In the
last step, we tile the per-location patches computed independently
into a whole surface and optimize the boundaries of neighboring
patches and their BRDFs to obtain the final solution.

y

x x x

y

x
z

(a) (b) (c)

y y

Figure 4: Initialization. (a) By assuming each height field quad lies
in the same plane and the patch shape is symmetric and convex, the
facet normals form an axis-aligned grid in the angular domain and
thus is determined by two normals (marked in red) for a 6×6 height
field. (b) The initial height field for a bi-scale material patch. (c)
The optimized height field of the bi-scale material patch.

4.1 BRDF Mapping

For each location independently, we compute the (Nh + 1)2 height
values and N f ·Nm ink weights of the patch Hρ

x that minimize the
difference Eρ

x between the patch’s effective BRDF ρ̄(Hρ
x ,ωi,ωo)

and the unrotated input BRDF ρ(x,ωi,ωo). Here we ignore the
rotations induced by the local shading frames and regard the input
BRDFs as defined in the global coordinate system. We use the su-
perscripts Eρ and Hρ to indicate that. With this notation, we can
write the error at a surface location as

Eρ
x =

∫
Ω×Ω

d(ρ(x,ωi,ωo), ρ̄(H
ρ
x ,ωi,ωo))dωidωo. (8)

At each surface location, this leads to solving a reasonably small
non-linear optimization problem that can be tackled with a good
initial estimate.

Initialization To simplify the initialization, we ignore shadow-
ing and masking effects and assume all facets share one unknown
isotropic BRDF. Thus we can compute the initial facet normals of
the height field by minimizing a simplified version of Equation 8
and constraining the integrability of resulting normals to ensure
they form a valid height field. This still requires a non-linear opti-
mization that is challenging due to the large solution space.

To solve this issue, we further simplify the optimization by impos-
ing constraints on the facet normals, namely that each pair of tri-
angles that correspond to a height field quad lie in the same plane.
As shown in Figure 4.a, this constraint leads to the quad normals
of a valid height field forming an axis-aligned grid in the angular
domain. This not only greatly reduces the number of unknowns
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(a) (b) (c)

Figure 5: Shading frame mapping. (a) The bi-scale material patch
obtained in the last step is rotated back to its shading frame and
resampled by the regular grid of the height field (shown in blue).
(b) The resampled height field patch. (c) The height field patch
after optimization.

for the facet normals from 2×N2
h to 2×Nh, but also guarantees

that the resulting facets form a valid height field, so we do not
need to explicitly impose constraints for integrability of the normal
field. Moreover, since most BRDFs are symmetric along the tan-
gent and bi-tangent directions [Holroyd et al. 2008], for each patch
we seek symmetric pyramid-like height fields centered along the
main surface normal. This constraint further reduces the number of
unknowns for the facet normals from 2×Nh to Nh/2 unknowns.

Based on these two constraints, we initialize the BRDF of the patch
as the average BRDF of all ink combinations and update both nor-
mals and BRDF weights with a gradient based method [Nocedal
1980]. Figure 4.b illustrates the initial height field and their facet
normals.

Iterative Optimization Given the initial height field and BRDF
weights, we iteratively optimize the BRDF weights of each facet
and the unconstrained height field locations by minimizing the er-
ror Eρ

x from Equation 8. All the constraints imposed during ini-
tialization are removed in this step. As a result, the normals and
BRDFs of facets can be different while the shadowing and masking
effects between facets (BFVF) are also considered in this step. At
each iteration, we first fix the height field and BFVF and optimize
the BRDFs. This can be formulated as a non-negative least squares
problem that we solve by quadratic programming. We then fix the
BRDF weights and optimize the height field with a gradient-based
method [Nocedal 1980]. We continue iterating until convergence or
the error reduction between two steps is lower than a user-specified
threshold, in our case set to 0.01. In this iterative optimization, we
compute the BFVF of the height field with the method in [Wu et al.
2011]. Figure 4 shows the height field patch and its facet normals
after iterative optimization.

Subsampling To further speed up the mapping, we cluster the
unrotated input BRDFs of all pixels and solve the BRDF mapping
only for the representative BRDF of each cluster. In practice, we
use k-means clustering and progressively add cluster numbers until
the difference between any two BRDF samples within a cluster is
smaller than 0.01. After that, we do BRDF mapping for the repre-
sentative BRDF of each cluster. Then for each BRDF in the cluster,
we use the bi-scale patch of the representative BRDF for initializa-
tion. Finally we optimize the patch for each BRDF with the iterative
optimization method mentioned above. This greatly speeds up the
BRDF mapping process.

4.2 Shading Frame Mapping

In this step, we take the shading frames into account and compute
the bi-scale patch Hx for each rotated BRDF ρ(nx, tx,x,ωi,ωo)

(b) Updates boundary 
in 2x2 region

(f) Before 
optimization

(g) After 
optimization

(e) Input surface 
appearance

0.2

0.1

0

Error

(a) Boundary 
facets

(c) Before 
optimization

(d) After 
optimization

Figure 6: Whole surface mapping. (a) For each patch, we fix its
central part (shown in blue) and only update the height and BRDF
weights of the patch boundaries (shown in brown) by global opti-
mization. (b) In each step, we update the height and BRDF weights
of 2×2 patch boundaries (shown in red). For the input appearance
shown in (e), (f) and (g) show the error maps of the bi-scale map-
ping result before and after the whole surface mapping, the patch
boundaries before and after optimization are also illustrated in (c)
and (d).

by minimizing the difference E between its effective BRDF
ρ̄(Hx,ωi,ωo) and the input surface reflectance ρ(nx, tx,x,ωi,ωo),
where E can be written as

Ex =
∫

Ω×Ω

(ρ(nx, tx,x,ωi,ωo)(nx ·ωi)− ρ̄(Hx,ωi,ωo))
2dωidωo.

(9)
However, we cannot follow the initialization method in the first
step of this optimization. Although the symmetric pyramid height
field provides a good initial estimate for unrotated BRDFs, it can-
not model rotated BRDFs with arbitrary tangents and normals. We
ths initialize the height field with the rotated bi-scale patch Hρ

x ob-
tained in the last step. As shown in Figure 5, we rotate Hρ

x to its
local shading frame and resample it to Hx with the axis-aligned grid
of Hx. For grid points that are out of the patch region projected on
the XY plane, we find its nearest point on the patch region and sam-
ple its height value for initialization. After that, we iteratively op-
timize the BRDF weights and height field using the same iterative
solver described in the first step. Conceptually, the only difference
is that in this optimization we minimize Ex instead of Eρ

x in this
step.

4.3 Whole Surface Mapping

The above two steps compute the optimal bi-scale patch for each
surface location individually. However, we cannot obtain the op-
timal bi-scale material surface for the input surface reflectance by
simply tiling the optimal patches together. Discontinuities and non-
integrable normals along the patch boundaries lead to difficulties
during fabrication, while the shadowing and masking effects be-
tween different patches affect the appearance of each patch. To
solve these two issues, we tile all patches together and optimize
the whole height field and BRDFs by minimizing the difference be-
tween the input surface reflectance and the effective reflectance of
the resulting bi-scale material defined in Equation 7. Since each
bi-scale patch obtained in the last two steps is optimal for the input
surface reflectance at a single location, we fix the height values and
BRDF weights of the internal facets of each patch and only opti-
mize the height values and BRDF weights of facets on the patch
boundaries (shown in Figure 6.a). Although this strategy reduces
the number of estimated parameters, the number of height values
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and BRDF weights on the patch boundaries is still large and cannot
be directly computed with standard non-linear optimization meth-
ods. We address this issue by iteratively optimizing a subset of the
parameters while fixing others. We initialize the height value of a
patch boundary with the average height of neighboring patches that
border the boundary point. As shown in Figure 6.b, we then update
the height values and BRDF weights for boundaries shared by 2×2
patches and fix all others in each step. We repeat this step for all
2×2 patches and thus update all height values and BRDF weights
on patch boundaries. We iterate the whole process several times
until the error difference between two iterations is smaller than a
user specified threshold (0.001 in our implementation). As shown
in Figure 6.e, our whole surface mapping can further improve the
results by solving the optimal continuous height map, thus reducing
unwanted shadowing and masking effects.

5 Hardware Setup
Since we found no commercial hardware that could simultaneously
fabricate the height field and deposit the glossy inks, we print our
bi-scale material in three steps shown in Figure 7 for the input re-
flectance of Figure 1. We first fabricate the height field using a 3D
printer (Figure 7.a). We then coat it with metallic paint to obtain
a constant glossy finish (Figure 7.b). We finally print the desired
BRDFs over the surface using a flatbed color printer (Figure 7.c).

Height Field Fabrication We use an Objet Eden 500V to print
the height field. This hardware has a printing resolution of 600×
600× 1600 DPIs and a maximum object size of 500× 400×
200 mm. In our experiments we use patches of 6× 6 resolution.
We set the grid interval to be 0.14mm corresponding to patches of
0.7× 0.7 mm2 surface area. We print the height field over a 7 mm
thick block to improve its robustness.

BRDF Printing We print the BRDFs over the height field with
an Océ Arizona 318 GL UV flatbed printer that supports the Pro-
cess Metallic Color System. As shown in Figure 7.d, this device
consists of a printing head that moves along the X and Y direc-
tions while the printable material lies on a fixed flatbed. The printer
has a resolution of 1440 DPI with 8-bit depth for each channel and
can print over an object surface whose height variation is smaller
than 48 mm. This allows us to print an ink combination for each
height field facet. We vary surface color by printing UV curable
CMYK inks. To obtain variable glossiness, we first coat the whole
height field with a homogeneous silver metallic paint (Mr.Hobby
GSI-SM08). We then print UV curable diffuse white ink onto the
metallic coating to control the glossiness of each pixel. During
printing we assume that the coating has no spatial variation.
Printer Registration Since the height field and BRDFs are
printed by two separate devices, we need to register the BRDF
printer to the underlying height field. We assume that the motion of
the color printer head is accurate and perform registration by deter-
mining the necessary translation and orientation of the height field.
In our current implementation, we found that the rotation between
the height field and BRDF print is small and can be ignored safely.
We thus construct a Vernier scale with the main geometry scale
and sliding secondary color scale for computing the translation of
the height field. Specifically, After fabricating the geometry scale
pattern along both sides of the resulting height field, we manually
place the printed 3D block on the flatbed and print the color scale
pattern over the geometry scale pattern. As shown in Figure 7.e, the
interval of the color scale is ten image pixels while the interval of
the geometry scale is eleven image pixels. When the n-th pattern
of the two scales are aligned, the offset between the two patterns
(i.e. the offset between the BRDF print and the underlying height
field) is n pixels. With the geometry scale pattern along both sides
of the 3D block, we can calculate the 2D translations between color

Datasets Resolution Mapping
Time (m)

Fitting
Error

A. F. M.

IST Wallpaper 140×140 70 7.35% Y Y Y
Wallpaper II 200×200 70 12.37% Y Y Y
Yellow Satin 215×215 75 10.68% Y Y Y
Red Satin 212×212 80 15.73% Y Y Y
RustMetal 140×140 55 9.62% N Y N
Wood 120×120 60 11.34% N Y H

Table 1: The input dataset properties, including whether they are
anisotropic (A), have local frames (F) and are measured (M). For
the latter, we indicate with H when only the local frame was mea-
sured.

printing and the underlying height field. After that, we translate the
ink combination image contents accordingly and print the desired
ink combinations onto the height field. Although this method has
limited resolution, it works well for our application.

BRDF Gamut Measurement To compute the bi-scale material,
we need to measure the BRDFs of all valid ink combinations. We
follow [Dong et al. 2012] and reconstruct the BRDFs of all ink
combinations by measuring the BRDFs of a densely sampled sub-
set of combinations and interpolating the rest. In particular, we
uniformly sampled 8 levels for each of the RGB color channels and
the white ink channel. We tiled the resulting 4096 ink combina-
tions in a 1280× 1280 image with a 20× 20 patch for each ink
combination and printed all tiles onto a flat 10cm× 10cm surface
coated with the metallic paint. We then captured the BRDFs of all
surface points by linear light source reflectometry [Gardner et al.
2003] and average the BRDFs in each tile by computing the BRDF
of the corresponding ink combination. The BRDFs of all other ink
combinations are then computed as the locally linear combinations
of BRDFs of the sampled ink combinations. For an ink combina-
tion c = ∑

K
k=1 wkck, its BRDF ρc is modeled by ρc = ∑

K
k=1 wkρck ,

where ρck are BRDFs of the sampled ink combinations ck in a lo-
cal neighborhood of size K = 5. After we get the BRDFs of all
ink combinations, we compute the basis and linear weights of all
BRDFs as described in Section 3.

6 Experimental Results
We evaluated our method by fabricating measured and designed
appearance datasets that exhibit different scattering characteristics.
For all results shown, one pixel of the measured data corresponds to
a 0.7×0.7 mm2 patch in fabrication, thus the physical size is solely
determined by the dataset resolution.

Performance We tested our bi-scale material mapping algorithm
on an Intel Xeon E5400 CPU and 8GB memory. The algorithm is
executed in a single thread and takes around 50 to 80 minutes for
a 400× 400 input reflectance. The timing is dominated by BRDF
fitting that takes 30 to 60 minutes depending on the SVBRDFs com-
plexity. The remaining time is mostly spent in local frame fitting,
with the final optimization taking roughly 2 minutes. Table 1 lists
the properties of all datasets and the computation times for the ma-
terial mapping. For all the input datasets and during our optimiza-
tion, we uniformly sampled the angular domain of BRDFs using
θ , φ coordinates, with 10×40×10×40 samples for ωi(θ ,φ) and
ωo(θ ,φ), for a total of 160K samples per BRDF.

Validation We quantitatively analyzed the accuracy of our bi-
scale mapping algorithm for all input datasets by computing the
relative error, based on [Ngan et al. 2005], between the input sur-
face reflectance and the predicted output bi-scale appearance. The
results are listed in Table 1. With an error of roughly 10% on aver-
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(b) Printed height field (c) With metallic paint (d) Final BRDF print

Print head

Material

(e) BRDF print setup (f) Printer registration
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(a) Geometry for3D print
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Figure 7: Hardware setup. (a) The height field generated by bi-scale mapping, which is the input for the 3D print. (b) The height field
fabricated by a 3D printer. (c) The height field coated with homogeneous metallic paint. (d) The final result covered by the glossy inks. A
single bi-scale patch that corresponds to an input surface reflectance sample is marked with white rectangles. (e) An illustration of the BRDF
print setup. (f) An illustration of the Vernier scale used for printer registration. When the 4th patterns of the two scales are aligned, the offset
(4 pixels) between the two scales is the difference between the length of four color pattern intervals and the length of four geometry pattern
intervals.
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Figure 8: Method validation. The top four rows compare the input surface appearance, our simulation results and photographs of the
fabricated results under different lightings. The viewing direction is fixed and the point light position for the results in each row is listed on
the side. The left columns show results for the rust metal dataset, while the right ones show results for the IST wallpaper dataset. The bottom
two rows plot the angular responses of input reflectance for three points (marked as A, B and C) and the responses of their corresponding
bi-scale patches. The response curves are rendered and measured with a fixed top view and a point light source moving along the arc in
the plane determined by the normal and tangent direction and the arc in the plane determined by the normal and bi-tangent direction. Note
that the specular peak of point A is shifted towards the normal direction, while the anisotropic reflectance of point B produces very different
responses along different directions. All these BRDFs are well reproduced by the fabrication results.
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Axis aligned input  E= 2.59% Non-aligned input  E= 4.18%
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Figure 9: Method validation with known bi-scale materials. We
manually generate two bi-scale materials with different tangent di-
rections. With their BRDFs (a) and (c) as input, the resulting bi-
scale patches generated by our bi-scale mapping exhibit similar
BRDFs shown in (b) and (d). Each image shows a 2D slice of the
BRDF under a fixed top view and all lighting directions. The map-
ping errors of the two results are also listed.

age, our method reproduces very well the input appearance with an
ink set not designed for these cases.

To test the fidelity in reproducing different BRDFs, we fabricated
the wallpaper dataset from [Lawrence et al. 2006] since it has both
anisotropic BRDFs as well as high-gloss isotropic ones. We tested
the reproduction of geometric details by fabricating a rusted metal
dataset from [Dong et al. 2011], which has rich normal variations
and spatially-varying isotropic reflectance. The top four rows of
Figure 8 shows renderings for both the input appearance and the
output bi-scale surface, together with photographs of the fabricated
objects. For each input sample, the rendering and photograph taken
under the same local point light source are shown in the same row,
while the images in different rows illustrate the results lit with point
lights at different positions. The photographs are taken with a cal-
ibrated lighting and camera that match the rendered images. As
shown by these images, our fabrication results can reproduce well
the complex input surface appearance. In the bottom two rows of
Figure 8, we also quantitatively analyze the accuracy of our fabri-
cated results by plotting the appearances of three points in the input
surface reflectance (shown in red) and their appearances in both
the bi-scale surface patch (shown in green) and fabrication results
(shown in blue). For all three samples, we capture their appear-
ances under the fixed top view and point lights moving along the
1D arcs. As shown in Figure 8, the appearances of the fabricated
samples are similar to the rendered appearances of the input and its
corresponding bi-scale surface patch.

We also validated the bi-scale mapping algorithm with two bi-scale
materials with different local frames, both of which are synthesized
with 6×6 height fields and ink BRDFs. The BRDFs of two mate-
rials are then used as the input of the bi-scale mapping. As shown
in Figure 9, the BRDFs of the bi-scale mapping results are similar
to the inputs, and the relative errors between the input and output
BRDFs are 2.59% and 4.18% respectively.

Complex Reflectance Figure 12 and 13 illustrate two fabricated
textiles with strong anisotropic behavior measured from real sam-
ples [Wang et al. 2008]. One method is capable of reproducing both
the strong anisotropy and rich color details when viewed under dif-
ferent lighting directions. Figure 14 shows the printing result of
another wallpaper dataset from [Wang et al. 2008], which exhibits
complex tangent variations. Note that our method well captures
the interaction between anisotropy and local frame rotations and
reproduces its appearance variations under different lighting and
viewing conditions. We also fabricated wood data with a measured
normal map [Toler-Franklin et al. 2007] and the spatially varying
reflectance obtained from [Dong et al. 2011]. As shown inFig-
ure 15, our result exhibits realistic appearance resulting from the
combination of BRDF variations and surface details. Note that the
appearance variations caused by the non-integrable normals in this
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Figure 10: The printing gamut. The solid orange line plots the
isotropic BRDF gamut of ink combinations. The light blue re-
gion indicates the printing gamut of bi-scale material patches with
a 6× 6 height field covered by ink combinations. The dark blue
region illustrates the printing gamut of bi-scale material patches
with a single homogeneous BRDF (marked as D). C indicates the
BRDF with the largest anisotropic ratio in our printing gamut. Note
that our method extends both the isotropic and anisotropic printing
gamut by combining the isotropic BRDFs of ink combinations and
a small scale height field.

dataset are well reproduced by our method, where the BRDF and
normal at each input point are modeled by the higher resolution nor-
mal field of facets and their BRDFs.The inset images in all results
show a closeup view of our fabricated results.

Our method can also work with a 3D printer for printing 3D ob-
jects with desired spatially varying surface appearance. Figure 16
illustrates a 3D teapot with designed surface appearance fabricated
by our method. To this end, we mapped the bi-scale material of the
IST wallpaper data to the teapot surface. We assume the curvature
at each surface point is large enough compared to the size of the
bi-scale patch so that the deformation of the mapped height field
can be ignored. The teapot body surface is divided into four parts
so that we can print the BRDFs over the surface with the flatbed
UV printer. After each part is printed, we stitched them together.
Note that the anisotropic effects on the teapot body create interest-
ing lighting effects.

Printing Gamut We evaluate the capability of the proposed print-
ing system by plotting the gamut of printable anisotropic BRDFs in
Figure 10. We plot the gamut in the space of microfacet BRDFs
with anisotropic Gaussian NDFs. We examine the roughness range
of 0.001 to 0.6 since such a range covers most anisotropic re-
flectance effects. In the figure, we indicate in blue the BRDFs that
can be reproduced with error smaller than 5% using our inks and
5× 5 facets, in black the BRDFs that can be reproduced by facets
with a single homogeneous BRDF (marked as D), and in orange the
BRDFs that can be reproduced by the isotropic inks alone. Note
that by combining facet orientations and ink variations, our sys-
tem produces a significantly larger gamut than using either inks or
facets alone. Also note that our bi-scale material even extends the
isotropic printing gamut by simulating rougher BRDFs with sharper
specular inks used with different facet orientations.

Limitations Our system has a few limitations. On the hardware
side, the resolution and accuracy of the 3D printer are limited. As
a result, we need to carefully choose the height field resolution for
each input surface reflectance sample. Although a higher height
field resolution can model the input surface reflectance better, it
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Figure 11: Two failure cases of our method. (a) A BRDF with
sharp specularity. (b) The bi-scale mapping result for the BRDF
in (a). (c) A BRDF with complicated specular reflectance. (d) The
bi-scale mapping result for the BRDF in (c). The homogeneous
sphere in each image is mapped with the corresponding BRDF and
rendered under a single point light.

also leads to worse visual effects caused by the large patch size. For
the hardware used in our implementation, the 5×5 height field for
each bi-scale patch achieves the best trade-off between visual qual-
ity and representation capability. However, the facet of the bi-scale
patch is still visible at a close view due to the limited resolution of
3D printers. Also, the fabricated facets do not exactly match the
designed height field due to the limited accuracy of the 3D printer.
The BRDF of the diffuse ink used by the color printer is glossy,
which prevents our method from reproducing diffuse BRDFs. Fur-
thermore, we have noticed that some ink combinations exhibit mi-
nor translucency which we do not account for.

On the fabrication process side, our main limitation is the need for
a two step fabrication process that limits both the smallest possible
facet size, to avoid registration issues, and the maximum height of
the printed object, due to the use of a flatbed printer. Since re-
cent 3D printers have multiple nozzles for printing in color, we
believe that in the future it should be possible to adapt that tech-
nology and directly coat object surfaces with inks similar to ours
while the height field is fabricated. One way to ameliorate this is-
sue is to fabricate surfaces in plates that are then assembled in 3D.
We have done just that in Figure 16. Another concern stems from
imperfection in the metallic coating that can affect both geometry
and BRDFs over the facet and thus decrease the final printing qual-
ity. We believe this could also be easily avoided with an integrated
hardware solution.

On the bi-scale mapping side, the regular triangulation of the height
field may cause some bias for anisotropic BRDFs with different
tangent directions. In practice, we have not found any significant
bias in our current print results. This is because a 5× 5 patch is
more effective for modeling anisotropic BRDF with different tan-
gent rotations than a lower resolution patch. The varying BRDFs
used for different patch facets also ameliorate this issue. We believe
that other triangulation schemes such as the one used in [Alexa and
Matusik 2010] could provide a better solution for shading frame
mapping but we leave this for future work.

Finally, our material model ignores facet interreflections that might
induce a smaller gamut. While these effects are minor in our printed
example, future work should address these issues by extending the
bi-scale model to include both interreflections and translucency.

With these hardware and software limitations, our method can-
not well reproduce BRDFs with sharper specularity or anisotropic
BRDFs with rich details. Figure 11 illustrates the two failure cases
of our method.

7 Conclusion
We have presented an efficient method for printing custom surface
appearance with anisotropic reflectance and shading frame varia-
tions. Our method models the input surface appearance at each
point with the average appearance of a bi-scale material that con-
sists of a small scale height field with printed glossy BRDFs over
each facet. An optimization algorithm has been proposed to auto-

matically construct the bi-scale material from the input SVBRDFs
and per-point shading frames. We fabricate the resulting height
field with a 3D printer and subsequently print the BRDFs over the
facets with a flatbed UV printer. Experimental results show that
even with simple isotropic BRDFs for the inks and a low resolution
height field for each surface patch, our method can reproduce well
a wide range of surface appearance with different characteristics of
spatial variations and anisotropic properties.

For future work, we would like to improve our bi-scale material
model by taking inter-reflections between the facets into consider-
ation so that we can better predict the appearance of the fabricated
result. Also, we would like to consider other BRDF distance met-
rics (e.g. the one in [Pereira and Rusinkiewicz 2012]) in our op-
timization framework. Finally, it would be interesting to develop
a unified and efficient hardware solution for directly printing the
height field and BRDFs over the 3D object surface in a single pass.
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Figure 12: Photographs of fabricated anisotropic yellow stain. (a)(b) lit with directional lighting. (c)(d) lit with environmental lighting.

Figure 13: Photographs of fabricated anisotropic red stain. (a)(b) lit with directional lighting. (c)(d) lit with environmental lighting. The
rich color variations and anisotropic reflectance of the input sample are well reproduced by the fabricated result.

Figure 14: Photographs of the fabricated result for the anisotropic wallpaper data. (a)(b) lit with directional lighting. (c)(d) lit with
environmental lighting.

Figure 15: Photographs of the fabricated result for the wood dataset. The detailed normal variations of the input are well printed. (a)(b) lit
with directional lighting. (c)(d) lit with environmental lighting.

Figure 16: Photographs of a 3D teapot. The 3D shape is printed by a 3D printer while the surface appearance is fabricated by our method.
(a)(b) lit with directional lighting. (c)(d) lit with environmental lighting.
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Appendix

Effective BRDF of a Bi-scale Material

Here we provide a detailed derivation of the formula for the effective BRDF of a bi-
scale material. The first several steps are similar to the derivations in [Wu et al. 2011].
Starting from the reflectance at single position p with the normal np, BRDF ρ and
visibility function V (p,ω), the outgoing radiance L at position p along a view direction
ωo is:

L(p,ωo) =
∫

Ω

ρ(np,p,ωi,ωo)V (p,ωi)Li(p,ωi)(np ·ωi)dωi (10)

The visibility function V (p,ω) equals 0 if p is blocked in direction ω or equals 1 when
p is visible. Then for one pixel of the bi-scale material H(x), the averaged reflected
radiance L̄ at direction ωo can be calculated by averaging all visible reflected radiance.

L̄(Hx,ωo) =
1

A(Hx,ωo)

∫
Av(Hx ,ωo)

L(p,ωo)dp (11)

where A(Hx,ωo) is the visible projection area of Hx along direction ωo, and Av(Hx,ωo)

is the visible area along this direction.

Then we can compute the integration over the visible part Av(Hx) with visibility func-
tion: ∫

Av(Hx)
dAv(ωo) =

∫
A(Hx)

V (p,ωo)(n ·ωo)dp (12)

Now with our triangle facet model at pixel H(x), one facet f has the same normal
direction n f . As a result the integration over A(Hx) can be calculated within each facet
area A( f ) and summed up:∫

Av(Hx)
dAv(ωo) = ∑

f

∫
A( f )

V (p,ωo)(n ·ωo)dp (13)

The same scheme can be applied to the calculation of the visible projection area:

A(Hx,ωo) = ∑
f

∫
A( f )

V (p,ωo)(n f ·ωo)dp (14)

Combining equation 10 and 13 into equation 11, we have:

L̄(Hx,ωo) =
1

A(Hx,ωo)
∑

f

∫
Ω

∫
A( f )

Li(ωi)ρ(n f ,ωi,ωo)

(n f ·ωi)(n f ·ωo)V (p,ωi)V (p,ωo)dωidp

=
∫

Ω

Li(ωi)
∑ f γ( f ,ωi,ωo)ρ f (n f ,ωi,ωo)(n f ·ωo)

A(Hx,ωo)
(n f ·ωi)dωi

=
∫

Ω

Li(ωi)ρ̄(Hx,ωi,ωo)(n f ·ωi)dωi

(15)

Now we have the averaged BRDF for bi-scale material pixel Hx

ρ̄(Hx,ωi,ωo) =
∑ f γ( f ,ωi,ωo)ρ f (n f ,ωi,ωo)(n f ·ωo)

A(Hx,ωo)
(16)

where γ( f ,ωi,ωo) is the BFVF:

γ( f ,ωi,ωo) =
∫

A( f )
V (p,ωo)V (p,ωi)dp (17)
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